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N/V-LIMIT FOR STOCHASTIC DYNAMICS IN CONTINUOUS 

PARTICLE SYSTEMS 

MARTIN GROTHAUS, YURI G. KONDRATIEV, MICHAEL ROCKNER 

Abstract. We provide an V/U-limit for the infinite particle, infinite volume stochas¬ 
tic dynamics associated with Gibbs states in continuous particle systems on K'^,ci > 1. 
Starting point is an A-particle stochastic dynamic with singular interaction and re¬ 
flecting boundary condition in a subset A C with finite volume (Lebesgue measure) 

U = |A[ < oo. The aim is to approximate the infinite particle, infinite volume stochas¬ 
tic dynamic by the above Y-particle dynamic in A as Y ^ oo and U —> oo such that 
N/V p, where p is the particle density. First we derive an improved Ruelle bound 
for the canonical correlation functions under an appropriate relation between N and 
V. Then tightness is shown by using the Lyons-Zheng decomposition. The equilibrium 
measures of the accumulation points are identified as infinite volume canonical Gibbs 
measures by an integration by parts formula and the accumulation points themselves 
are identified as infinite particle, infinite volume stochastic dynamics via the associ¬ 
ated martingale problem. Assuming a property closely related to Markov uniqueness 
and weaker than essential self-adjointness, via Mosco convergence techniques we can 
identify the accumulation points as Markov processes and show uniqueness. I.e., all 
accumulation corresponding to one invariant canonical Gibbs measure coincide. The 
proofs work for general repulsive interaction potentials (j) of Ruelle type and all temper¬ 
atures, densities, and dimensions d > 1, respectively, (j) may have a nontrivial negative 
part and infinite range as e.g. the Lennard-Jones potential. Additionally, our result 
provides as a by-product an approximation of grand canonical Gibbs measures by finite 
volume canonical Gibbs measures with empty boundary condition. 


1. Introduction 

The infinite particle, infinite volume stochastic dynamics (X.{t))t>o in continuous par¬ 
ticle systems is an infinite dimensional diffusion process having a Gibbs measure e.g. of 
the type studied by Ruelle in |R.ne69j . as an invariant measure. Physically, it describes 
the stochastic dynamics of infinite Brownian particles in d> 1, which are interacting 
via the gradient of a pair-potential (j). Since each particle can move through each position 
in space, the system is called continuous and is used for modelling gas and fluids. For 
realistic models which can be described by these stochastic dynamics, e.g. suspensions, 
we refer to |Spo86| . 


Date: February 2, 2008. 

Key words and phrases. Limit theorems, interacting particle systems, diffusion processes. 

2000 Mathematics Subjeet Classification. 60B12, 82C22, 60K35, 60J60, 60H10. 

We thank Hans-Otto Georgii, Oleksandr Kutoviy, Robert Minlos and Herbert Spohn for discussions and 
helpful comments. Financial support through GCM, University of Madeira, is gratefully acknowledged. 

1 







2 


MARTIN GROTHAUS, YURI G. KONDRATIEV, MICHAEL ROCKNER 


The infinite particle, infinite volume stochastic dynamics takes values in the configu¬ 
ration space 

r := { 7 C I #(7 n A) < 00 for each compact A C }, 
and informally solves the following infinite system of stochastic differential equations: 

dx{t) = —j3 V(l){x{t) — y{t)) dt + 

y(i)ex(t) 

PoX(0)-i=//, (1.1) 

where x{t) £ X(t) £ T, 7 £ T, is a sequence of independent Brownian motions 

and /i is the invariant measure. The study of such diffusions has been initiated by R. Lang 
|Lan77j (see also [SEi79l), who considered the case (j) £ Cq(M'^) using finite dimensional 
approximations and stochastic differential equations. More singular 4>, which are of par¬ 
ticular interest in Physics, as e.g. the Lennard-Jones potential, have been treated by 
H. Osada, |()sa96j . and M. Yoshida, |Yos96j (see also |Tan97j . IFBTOOj for the hard core 
case). Osada and Yoshida were the first to use Dirichlet forms for the construction of 
such processes. However, they could not write down the corresponding generators or 
martingale problems explicitly, hence could not prove that their processes actually solve 
(HU) weakly. This, however, was proved in |AKR.98 ]d] by showing an integration by parts 
formula for the respective Gibbs measures. In |AKB98E] . also Dirichlet forms were used 
and all constructions were designed to work particularly for singular potentials of the 
above mentioned type. Additionally, an explicit expression for the corresponding gener¬ 
ator and martingale problem was provided, which shows that the process in |AKB98E] 
indeed solves (HU) in the weak sense. 

In this paper, by an approximation through Y^-particle stochastic dynamics in subsets 
A C with finite volume (Lebesgue measure) Y = |A| < 00 , we construct weak solutions 
to (^U- The approximation is done in terms of the N/V limit, i.e., Y —> 00 and Y ^ 00 
such that N/V —> p, where p is the particle density. 

The Y-particle stochastic dynamics in A, (X.(t))t>o, takes values in the space of N- 
point configurations in A: 

rr :={7CA|#(7) = Y}cr. 

It solves weakly the following Y-system of stochastic differential equations before hitting 

9(rD: 

dx{t) =—j3 V(l){x{t) — y{t)) dt + \/2 dB^° (t), 

ym Xh) 

y(t) 

with reflecting boundary condition, ( 1 - 2 ) 

for sufficiently many initial conditions 70 £ T^^^ Here x{t) £ X(t) £ T^^^ and {B^°)xf)£-yQ 
are Y independent Brownian motions starting in xq. A weak solution to HU has been 
constructed in |FGn4j . see Theorem HU There the authors have used the Dirichlet form 
approach and their construction works for all dimensions and very general interaction 
potentials 4>. Essentially, the interaction potential </> only has to have a singularity at the 
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origin (repulsion) (RP), to be bounded from below (BB) and weakly differentiable (D), 
see below for a precise definitions. 

Note that we are only considering configurations with at most one particle in one 
position, which is a reasonable assumption for modelling gas and fluids. In such a setting 
for dimension d = 1 this is the first existence result for a solution to JOl). The essential 
assumption for this result is the condition (RP) (repulsion of close particles), which is 
natural from the physical point of view. 

Our approach is different from the finite dimensional approximation provided by Lang 
[Li n ni. There for a fixed subset A C with finite volume, the finite particle, finite 
volume dynamics consists of finitely but arbitrarily (for different initial conditions) many 
interacting particles inside the volume and additionally they are interacting with particles 
from the complement of A. That construction is rather in a grand canonical setting 
whereas ours is in a canonical one. Thus, we expect the finite particle, finite volume 
dynamics used in |Lan 77] for singular interaction potentials with non-trivial negative 
part not to have such nice properties as our A^-particle stochastic dynamics in A. E.g., 
for determining a spectral gap of their generators, it is much nicer to have a fixed number 
N of particles in a given volume A not interacting with particles in the complement of A, 
than finite but arbitrarily many particles inside A interacting with in general infinitely 
many particles in the complement of A. 

Our plan for future work is to use our approximation by nice processes to get better 
knowledge about the infinite volume, infinite particle dynamics. For example we would 
like to: explore in more detail the structure of the spectrum of its generator and study the 
problem of essential self-adjointness; construct non-equilibrium infinite particle, infinite 
volume stochastic dynamics; tackle the Boltzmann-Gibbs principle, see e.g. |Spo86| and 
1GKLR03| : use our approximation technique to construct solutions to other equations as 
e.g. the Langevin equations. 

The present paper is organized in the following way: In Section El we define a metric 
on the configuration space T which is appropriate for our problem. This metric is from 
the class of metrics on T developed in [KKOd] and induces the vague topology. Essential 
for our considerations is that these metrics d make (T, d) a Polish space and that relative 
compact sets w.r.t. the vague topology can be described explicitly (cf. |KKn4j L 

The concept of canonical Gibbs measures, our assumptions on the interaction potential 
and a precise definition of the A^/E-limit are presented in Section |31 Furthermore, in 
Theorem EH we prove the first major result of this paper. There we establish a bound 
for canonical correlation functions analogous to the Ruelle bound for grand canonical 
correlation functions, see (EH- In the proof we combine ideas of Ruelle’s proof |R,ue7nj for 
deriving the Ruelle bound in the grand canonical case with estimates obtained in |DM67j . 
A major difference in comparison with the grand canonical case is that in the canonical 
case a right balance between the particle number N and the volume V is necessary. 
Furthermore, we derive an improved Ruelle bound for canonical correlation functions, 
see (E31). This bound enables us to take into account potentials with singularities at the 
origin, see condition (D) below. 

In Section 0 we briefly summarize the construction of the A^-particle stochastic dy¬ 
namics in A weakly solving D provided in |FGn4j . 
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The A^/V-limit of A^-particle, finite volume stochastic dynamics is then derived in 
SectionO First, in Theorem l5.1l we prove tightness of the sequence of laws (P^^^)ArgN of 
the equilibrium A^-particle, finite volume stochastic dynamics in the A^/P-limit. Equi¬ 
librium stochastic dynamics means that the stochastic dynamics starts with an initial 
distribution given by the corresponding invariant, hnite volume canonical Gibbs measure 
The proof is split into two lemmas. Lemma ESI gives tightness of the correspond¬ 
ing one-dimensional distributions (invariant, finite volume canonical Gibbs measures) 
and essentially depends on the improved Ruelle bound (13.41) and the descrip¬ 
tion of compact sets provided in [KKOdj . In Lemma ESI we prove Kolmogorov-Chentsov 
type estimates for the increments. In the proof we use the well-known Lyons-Zheng 
decomposition, [LZHU, [LZ9lj, of the A^-particle, finite volume stochastic dynamics and 
the Burkholder-Davies-Gundy inequalities in order to establish the required estimate of 
the increments. For this it is important to have sufficiently many functions in the domain 
of the corresponding Dirichlet form, which is in fact implied by the reflecting boundary 
condition we impose on the A^-particle, finite volume stochastic dynamics. Again, also 
the improved Ruelle bound is of essential importance. 

Then in Theorem El we prove an integration by parts formula for the accumulation 
points /i of Together with a characterization theorem provided in |AKB,98bj 

this implies that these ^ are infinite volume canonical Gibbs measures. 

After that, in Theorem EH we identify the accumulation points P of (P^^^)jveN as 
solutions of dEH) in the sense of the associated martingale problem. See also Remark 
EH In the proof we are using that the A^-particle, finite volume stochastic dynamics 
solves the martingale problem corresponding to D- 

From Theorem 1 .1.101 we can not conclude that the accumulation points P of (P^^')Argp} 
are laws of Markov processes. However, assuming a property closely related to Markov 
uniqueness and weaker than essential self-adjointness, in Theorem 15.201 we can show 
Mosco convergence, |Mos94j . [KSn3| . of the quadratic forms (Dirichlet forms) corre¬ 
sponding to convergent subsequences. This implies strong convergence of the associated 
semi-groups. This convergence, in turn, enables us to identify the accumulation points 
P as laws of Markov processes and show uniqueness. I.e., all accumulation points P 
corresponding to one invariant canonical Gibbs measure coincide, see Theorem 15.231 
Finally, in Section Ewe apply our results to the problem of equivalence of ensembles. 
More precisely, as a by-product of the results described above we obtain an approximation 
of grand canonical Gibbs measures by finite volume canonical Gibbs measures with empty 
boundary condition, see Theorem 16. 1L 

The progress achieved in this paper may be summarized by the following list of main 
results: 


• Derivation of an improved Ruelle bound for canonical correlation functions, see 
Theorem ESI 

• Tightness of the sequence of laws (P^^^)Ar£N of equilibrium A^-particle, finite 
volume stochastic dynamics in the A^/R-limit, see Theorem 15.1 1 

• Identification of the accumulation points /r of the sequence of finite volume canon¬ 
ical Gibbs measures (/i^^')ArgN as infinite volume canonical Gibbs measures via 
an integration by parts formula, see Theorem 15.9L 




















N/V-LIMIT FOR STOCHASTIC DYNAMICS 


5 


• Identification of the accumulation points P of the sequence of laws 

of equilibrium A^-particle, finite volume stochastic dynamics in the A^/P-limit as 
solutions of jm in the sense of the associated martingale problem, see Theorem 
lOnl This is the first construction of a solution to dm for d = 1 with state 
space r (at most one particle in one position). 

Furthermore, when assuming a property closely related to Markov uniqueness and 
weaker than essential self-adjointness: 

• Identification of the accumulation points P of the sequence of laws (P^^'jArgpj 
of equilibrium A^-particle, finite volume stochastic dynamics in the A^/P-limit as 
Markov processes and showing uniqueness, see Theorem 15.2111 

At the moment we are working on the assumed property and expect to show it soon. 
All above results apply to all dimensions d > 1, temperatures and densities and to 
physically relevant repulsive (RP) interaction potentials (j). Additional assumptions are 
only a mild temperedness (T) condition (fast enough decay in the long range), that the 
potential is bounded from below (BB) and a mild differentiability (D) condition. Hence, 
singularities at the origin, non-trivial negative part, and infinite range are allowed. 

Hypotheses on the potential are weakened not for the sake of generality, but in order 
to cover the physically relevant potentials (as e.g. Lennard-Jones potential). 

2. A Polish metric for the configuration space 

The configuration space T over d G N, is defined as the set of all subsets of 
which are locally finite: 

T := { 7 C I #(7a) < oo for each compact A C }, 

where ^ denotes the number of elements of a set and 7a := 7nA. One can identify 7 G P 
with the positive Radon measure £x £ Ad(M'^), where is the Dirac measure at x, 

:= zero measure, and Ad(]R'^) stands for the set of all positive Radon measures 
on the Borel u-algebra B{W^). A metric on Ad(M'^) is given by 

OO 

c^Al(u,^) :=^2"Vfc(l-exp(-|(/fe,u-/r)|)), u,/i G >1(M'^), 
k=l 

where {fk | A: G N} C C'^(M'^) (space of continuously differentiable functions on with 
compact support) is a measure determining class, {pk)ke¥i a sequence of strictly positive 
weights bounded by 1, and 

(/, u):= [ f du, / G Ce(M''), u G M(M''). 

JR'* 

{fk\k G N} can be chosen so that dM induces the vague topology on Ad(M'^). This 
metrization is separable and complete, see |Kal751 A 7.7] for the case {fk | A; G N} C 
C'c(M'^) and pk = 1 for all A: G N. 

In Ad(M‘^) we consider the subset 77(M^) consisting of all Z_|_ U {oo}-valued Radon 
measures. Since 77.(M‘^) is a closed subset of Ad(M'^) w.r.t. the vague convergence, see 
|Kal75l A 7.4], also (77(M'^), d^^) is a Polish space. 
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Now our aim is to find a metric on T which is Polish. Let : (0, oo) ^ [0, oo) be 
a continuous decreasing function such that limt^o^(^) = oo; and let h : —> ( 0 , 1 ] 

be a function in n Furthermore, let I = {Ik | /c G N} be a collection of 

functions from such that — > [0,1], supp/fc C Bk{0), and Ik+i{x) = 1 for 

all X G Bk{0), here Bk{0) denotes the closed ball with radius k centered at the origin. 
Define 


exp($(lx-yl))/(x)/(y), 

{x,y}C'r 


where / : —> [0, oo) is a continuously differentiable function. For any A: G N set 

hk ■= hik- Then for 7 , r/ G F we define the metric 


OO 

k=l 


1( 7 ) - 


( 2 . 1 ) 


where {qk)keN is a sequence of strictly positive weights bounded by 1. The following has 
been proved in |KK041 Theo. 3.5, Prop. 3.1] for qk = 1, k £ N. Easily, the statement 
generalizes to the present situation. 


Proposition 2.1. is a complete and separable metrie space. Moreover, the 

topology on F generated by the metric d^^h is equivalent to the vague topology on F and 
the sets 

{7 G F 1 S'^’'‘( 7 ) < i?}, R<oo, 
are relative eompaet subsets w.r.t. the vague topology. 


3. Canonical Gibbs measures and an improved Ruelle bound 

Let A C We denote FA:={7Grj7CA}. For any A" G N and bounded Borel 
measurable A C we define the space of A-point configurations in A by 

F^ := {7 C A] #(7)= A} C Fa. 

To define more structure on F)(^^ we use the following natural mapping 

sym^^' : —> Fa^' 

sym^^^((xi,.. .,xn)) ■= {xi,... ,a:Ar}, 

where 

A^ := {{xi,...,xn) £ A^ \xk ^ Xj if k^j}. 

These mappings generate a topology and corresponding Borel u-algebra on F)(^^ Obvi¬ 
ously, this fj-algebra coincides with the Borel u-algebra inherited from F equipped with 
its vague topology. We denote by dx^ the Lebesgue measure on A. Then the prod¬ 
uct measure dxf^ can be considered on A^. Let dx^j{^^ := dxf^ o (sym^^')“^ be the 
corresponding measure on F](^\ 





N/V-LIMIT FOR STOCHASTIC DYNAMICS 


7 


A pair potential (without hard core) is a Borel measurable function ((>: —> M U oo 

such that ^(—x) = (/>(x) G M for all x G \ {0}. For bounded Borel measurable A C 
the potential energy E^f) : Fa —> K in A with empty boundary condition is defined by 

■= X] 7 e Ta, 

{x,y}<Z'i 

where the sum over the empty set is defined to be zero. The interaction energy between 
two configurations 7 and rj from Fa is defined by 

W<j,{'y,r]) ■= 4>ix-y)- 

xG'j, yGrj 

Note that 


U r/) = E^i'y) + rj) + E^{r]), 7 , r/ G Fa- 

Now we fix our assumptions on 0: 

(RP): (Repulsion) There exists a decreasing continuous function <h : (0,oo) 
[ 0 , 00 ) with limt^o = 00 and > 0 such that 

4>(x) > $(|x|) for \x\ < Ri. 


Furthermore, the potential (j) is bounded from above on {x G II 
for all r > 0 . 

(T): (Temperedness) The exists A,R 2 <oo and X> d such that 
|(/)(x)| < A|x|“'’' for |x| > R 2 . 

(BB): (Bounded below) There exist B > 0 such that 
(j)(x) > —B, for all x G 
For every r = (r^,..., r'^) G we define a cube 


r < |x| < iii} 


Q(r) := < X G 


*1 i i ^ 
r--<x <r +- 


These cubes form a partition of For any 7 G F, we set 7 ,. := lQ{r), r £ 

(RP), (T) and (BB) imply that (p is superstabile (SS) and lower regular (LR), see 
|Rue70l Prop. 1.4]. That is: 

(SS): (Superstability) There exist D > 0, K > 0 such that, if 7 G Fa, where A is a 
finite union of the cubes Q(r), then 

4>(x-y)> (-D#(7r)^ - KiP(jr)) ■ 

{x,y}C'y 

(LR): (Lower regularity) There exists a decreasing positive function 'I' : N —> [0, 00 ) 
such that 


^( 1^1 


c) <00 
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and for any disjoint A', h" which are finite unions of the cubes Q{r), we have for 
y G Tag 7" G Ta//: 

H^4y,y')>- E 

r' ^r" 

Here | • Imax denotes the maximum norm on 
Moreover, (T) and (BB) imply 

J{P) := / I exp(—/3(/>(x)) — 1| dx < 00 (3-1) 

jRd 

for all /3 > 0 {dx denotes the Lebesgue measure on R'^). The property (IT IB is also called 
integrability (I) or regularity. 

On (ry\i3(ry')) we consider the canonical iV-particle Gibbs measures in A with 
empty boundary condition: 

■= exp {-I5E^) 

where 

■= exp {-(5E^) dx‘f'’ 

Jr\ 

is the canonical partition function of N particles in A. The constant /3 > 0 is the inverse 
temperature. 

For 1 < n < iV the n-order correlation function corresponding to is dehned by 


fc^’^^Xi, ... ,Xn) : = 


• ... • (A^ - n + 1) 




(N) 


lA^- 


exp 


- PiE^X U y))dy: 


G(Af-n) 
A ) 


where X = {xi,..., Xn} and Y = {yi,..., yAf-n}- Furthermore, we define 
^^o.iv) ^ := 0 for n > N. 

Let : A"" —> [0, 00 ] be a symmetric measurable function, 1 < n < Ai, then 


J^(N) f^'"\xi,...,Xn)dnT\'y) 

A {xi,...,x„}C'y 

=—, [ . . ,Xn)k^A’''\xi,. . . ,Xn)dxf'^. (3.2) 

n\ 7a" 


Definition 3.1. Let {A]\f)N^n be a sequence of bounded Borel measurable subsets of R*^ 
with IAtvI > 0 which exhausts R'^, i.e., for each bounded A C R'^ there exists G N 
such that A C Atv for all N > N^. We denote by |A| the Lebesgue measure of a Borel 
measurable set A C R'^. We say that (AAr)7VGN has an N/V-limit, if 


P ■= 


lim 

N—^OO 


N 

l^ivl 


exists in (0,oo). In this case we call a sequence of volumes corresponding to 

the density p > 0. Sometimes we use the notation Vn ■= AC/|AAr|. 
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Theorem 3.2. Suppose that the conditions (RP), (T), and (BB) are satisfied and let 
(AAr)ArgN be a sequence of volumes corresponding to the density p > 0. Then for large 
enough Nq G N (such that |Ajv| is larger than a critical volume for all N > Nq) there 
exists ^<00 such that 

<C for all N > Nq, n £ N, {xi,..., Xn) € {AnT (3-3) 
(Ruelle bound). Moreover, for n >2 there exists (< 00 such that 

, Xn) < exp ^ (3(j){xi - Xj)J C 

for all N > No, n>2, {xi,... ,Xn) £ (An)'^ (3.4) 

(improved Ruelle bound). 

Proof: The Ruelle bound for grand canonical correlation functions is derived in 
|Rue70t Prop. 2.6]. Here we adapt that proof to canonical correlations functions. For 
this, additionally, we need the following estimates for canonical partition functions pro¬ 
vided in jDM67l Lem. 3’]: For |Ajv| large enough there exists a constant Ci < 00 such 
that 

for all l<n<N. (3.5) 

Zffl - '|A^| - - 

Note that because (AAr)ArgN bas an N/V-limit, there exists C 2 < 00 such that 

Vn < C 2 for all N £'N. (3-6) 

Now we need to introduce some notation from |R.ue 70]. Let {lj)j£n be an increasing 
sequence in N. We define 

[j] := {r G Z"* I |r|max < Ij}, Vj := ^ Q{r). 

r&[j] 

Furthermore, let if be an increasing function on N such that 

fi>l, lim ^{j) = 00 , and V'(|r|max)^(|F|max) < 00 . 

j—>00 

reZd- 

Define fij := fi{lj) and let P > 0. Then for each X U Y, X = {xi,... ,Xn},Y = 
{yi,---,yN-n} either 

(3.7) 

r&[j] 

for all j > P or there exists a largest q > P such that 

^#({xuy},)2>v>g|P,|. (3.8) 

rG[g] 

Now let P, the sequence (/j)jgN and function be chosen as in |B,ue701 Sect. 2]. Then 
there exists C 3 < 00 such 


W^{{xi},X\{xi}UY)<C3 


( 3 . 9 ) 
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for all X U y fulfilling see |Rue7ni Eq. (2.29)]. On the other hand, for all X U E 

fulfilling (13.8|) there exists C4 > 0 such that 


- E^{{X U - W^{{X U {X U 

T. #({^uy},)2-C4iA,+4|y,+i|, ( 3 . 10 ) 

rG[g+l] 

where the constant D is as in (SS), see |Rue7ni Prop. 2.5]. 

We prove the assertion by induction. Let us fix X = {xi,..., x^}, n > 1, and choose 
the coordinates of such that xi e Q(0). Let S'o C such that X U E fulfills 

(13.71) for all (yi,... ,yM-n) G Sq and Sq C Aj^"” such that X U E fulfills (13.811 for all 

(yi,..., UN-n) £ Sp. Furthermore, we define 

C 5 := max I (exp{( 3 C 3 )Ci + ^ exp - (/3C4V'g+i - l)|Eg+i|^'j 02 , 02 , l| 

I V g>p / J 


and assume ^ > 6*5. 

Now dSSl) together with and (ESI) implies: 


-- / exp ( - ^E^{X U Y))dy^^ 

< ^ ' ^yiN) exp(/3C3) f exp ( - /3E^{X \ {xi} U E))dy®^^""^ 

■^Ajv d So 

< exp{pC3)CiC2ki-;^’^-^\x2, ...,Xn)< exp{pC 3 )CiC 2 C^-\ (3.11) 
In turn, dinni) together with ESI) and EH) yields: 


N ■ {N-n + 1) 


exp ( - (5E^{X U Y))dy 


®{N—n) 

An 


N ■ {N-n + l) 


exp I #({-^UE}^)2-/lC'4V’g+i|Eg+i| j 

reVg+i / 



y{N) 


x/ 


•^J^N 

N-. 

.. • (X — n + 1) 


y(N) 


A. r 


D 


exp 


E #({xue},)2-/ic4V’,+i|e,+i| 

r-GVq+i / 


exp ( - I3E4{X U 

Axr 


<exp(-/ll^ ^ #({XUE},)2-/304 iA,+i|E,+i| ) 


r&Vq+i 
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D 


<exp -/3- ^ #{{XUY}rf + HCi) 


reVq+1 


reVq+i 


- pC^^l;g+l\Vg+l\^C2C-" < exp(-(/3C4V^,+i - l)\Vg+i\) C2C-\ (3.12) 


where we used that 


D 


u Y}rf + ln(Ci)#({X U y},) < 1 . 

Finally, summing up (IXTTl) and (IXT^ we get 

, a;„) < ( expipC 3 )Ci + exp {-{PC.^g+i - l)|y,+i|) ) CsC"' < T- 
^ Q>P 

The canonical correlation functions fulfill the following Kirkwood-Salsburg type equa¬ 
tions: 


...,Xn)=N exp P 4 >{xi-Xj))ik^/Cjq^’’^^\x 2 ,...,Xn) 

2 < i<n \ 

N—n 1 ^ k \ 

+ X] TT / k‘'!^N’^~^’^~^\x2,... ,Xn,yi, ■ ■ ■ ,yk)\\{QyY>{-(^(t){xi -yi)) - l)dyf^ J 

k=i i=i ) 

see e.g. fHiT^ Eq. (38.16)]. We set 

C := max|c'iC'2exp(^I),^|. 

Then (13.51) and (EEl) together with the Ruelle bound (TOl) yield 


N-n 


I 


Xl-, . . . ,Xnj S 


ly —lb 1 

< exp ( - J] - x,))CiC2(r-' + J] -^n+k-ljk 

2 < i<n k=l 


< exp ( - ^ I3(l){xi- Xj)\SJ^ ^671(72exp(^/) < exp f - ^ /3(/>(xi - x^)jC 


2 < i<n 


2 < i<n 


Finally, symmetry of the correlation functions gives (|S31). 


4. N-PARTICLE STOCHASTIC DYNAMICS IN FINITE VOLUME 

Let A C such that A.^ C is the closure of an open, relatively compact set, 
having boundary d{A^) of Lebesgue measure zero. Our aim is to construct an Wparticle 
diffusion process (X(t))i>o in T^^' solving weakly the following Wsystem of stochastic 
differential equations before hitting 9(rA^^); 

dx{t) =—(3 ^ V(l){x{t) — y{t)) dt + V2dB^°{t), 

ym Xh) 

with reflecting boundary condition. 


(4.1) 





12 


MARTIN GROTHAUS, YURI G. KONDRATIEV, MICHAEL ROCKNER 


for sufficiently many initial conditions 70 G Here x{t) G X(t) G and 

are N independent Brownian motions starting in xq. Existence of a solution to iU) was 

shown in [FdDdj by using Dirichlet form techniques. Here we briefly summarize their 

construction. 

First we have to introduce an additional condition: 

(D): {Differentiability) The function exp(—/?(/>) is weakly differentiable on (j) 
is continuously differentiable on M'^\{ 0 } and the gradient Vf, considered as a 
dx-a.e. defined function on satisfies 

V(j) G (R*^, exp(—/?(/))dx) n L^(R'^, exp(—/3(/))dx) n L^(R'^, exp(—/3i?!))dx), 


where /3 > 0 is the inverse temperature. Furthermore, we assume f to be such 
that the function < 1 > in (RP) can be chosen differentiable and d>'exp(—a<h) a 
bounded function on ( 0 , 00 ) for all a > 0 . 

Note that, for many typical potentials in Statistical Physics, we have 4 > G C'°°(R'^\{0}). 
For such “outside the origin regular” potentials, condition (D) nevertheless does not 
exclude a singularity at the point 0 G R'^. The last assumption on (j), ensuring a suitable 
choice of d>, is no restriction from the physical point of view. E.g., potentials, diverging 
faster than ^{t) = e > 0 , at the origin, are admissible. 

On consider the measure 

Aa.at := exp (^ - /3 ^ (j){xi - xj)'^ dxf^. 


Note that then sym^''^^^ : ^ T^^' is /XA.iv-a.e. defined (since the diagonals have /Ua.at- 

measure zero) and that = Ha,n° (sym^^^)“^. Denote by V* the gradient on R'^ w.r.t. 
the variable Xj. Then 


£a.n{F,G) 


df^A.N, F,G € D, 


defines a bilinear from on 


D = 


|t G C{A^) ViF locally dx-integrable onA'^,VjT G L^(/UA.iv)|- 


(4.2) 


(4.3) 


Here (•, denotes the scalar product in R'^ inducing the Euclidean norm, A the open 
kernel of the set A, and the gradient ViF is meant in the distributional sense on . 
{£a,n,D) is a densely defined, positive definite, symmetric bilinear form on L^(/iA,Ar). 

In |FGn41 Prop. 5.3] it was shown that {Sa,n,D) is closable and its closure {£a,n, 
D{£a,n)) is a conservative, local, quasi-regular Dirichlet form. Thus, there exists a corre¬ 
sponding self-adjoint generator {Ha,n, D{Ha,n)) (Friedrichs extension), i.e., D{Ha,n) C 
D{£a,n) and 


£a,n{F,G) = [ HA,r,FGdfdA,M, F G D(Ha,^), G G D(TA,iv). 

In order to solve gu, however, we are rather interested in the image Dirichlet form 
under sym^^h Define an isometry (sym^^^)* : L'^{T)f\ L^(A^,//A.iv) by setting 
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to be the /lA.iv-class represented by F osym^^' on for any //A^^-version F 
of F G L^(//a^^). Note that the subspace 

^sym(/^A,iv) := C L‘^{Ha,n) 

is the closed subspace of symmetric functions from Using this mapping one 

can define a bilinear form {£^ \D(^£^ ^)) as the image bilinear form of {£a,n^I^{£a ,n)) 
under sym^^h 

) := {F G I (sym(^))*F G F(fA.iv)}, 

£i^\F, G) := fA.iv((sym(^>)*F, (sym(^))*G), F,G € D{£i^^). (4.4) 

Also {£^\ D{£^^)) is a conservative, local, symmetric Dirichlet form. Its generator is 
given by 

= ((sym^"^’)*)"^ o Ha,n o (sym^"^’)*, 

F(FD = {i^ e I (symW)*F G F(Fa.^)}. (4.5) 

Of course, {F[a,n, D{Ha,n)) generates a strongly continuous contraction semi-group 

:= t > 0. 

For repulsive potentials satisfying (D) in 14X1041 it was shown that Dg := A^ \A^ has 
(^A.iv-capacity zero. Thus, {£i^\ D{£^^)) is obviously also quasi-regular and by |MR,921 
Chap. IV, Sect. 3] we have the following theorem: 


Theorem 4.1. Suppose that conditions (RP), (D) are satisfied, V G N and A C such 
that A^ C is the closure of an open, relatively compact set with boundary d{A^) of 
Lebesgue measure zero. Then: 

(i) There exists a conservative diffusion process (i.e., a conservative strong Markov pro¬ 
cess with continuous sample paths) 


Mr = (nr,Fr,(Fr(t))i>o,(0r(i))i>o,(x(t))t>o,(pr(x)) 


xerf)) 


on Fr which is properly associated with {£)fi\ D{£jfi^)), i.e., for all (p,)fFygrsions of) 
F G L^(Fr ) A*r) all t > 0 the function 


/ ^^F(X(t))dPr(x), 


X G 


p(iV) 
A 5 


is a £)fiFquasi-continuous version of T)fi\t)F. is up to -aqu^yalence unique. 

In particular, is p^A^symmetric (i.e., f GTjfi\t)F dp^jfi^ = f F Tjfi\t)G dp^jf^ for 

all F,G : F^ ^ [OjOo) measurable) and has invariant measure. 

(ii) The diffusion process Ma^^ is up to p^a Fequivalence the unique diffusion process 
having pf)'^ as symmetrizing measure and solving the martingale problem for 
D{H)fi^)), in the sense that for all G G D{H)fi^) 

G(X(t)) - G(X(0)) + [ Fir G(X(s)) ds, t > 0, 

Jo 

is an F^jf\t)-martingale under P^ ( 2 :^) (hence starting in x) for £)fiFquasi all x G F^ • 
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In the above theorem is canonical, i.e., = (^([OjOo) ^ = 

uj{t),oj e The filtration (F^j^\t))t>o is the natural “minimum completed admissible 

filtration”, cf. |h'OT94j . Chap. A.2, or [MEM] . Chap. IV, obtained from the cr-algebras 
cr{a;(s) | 0 < s < t,a; G t > 0. := Fa^'((X)) := Vte[o oo) is the smallest 

cr-algebra containing all and are the corresponding natural time 

shifts. For a detailed discussions of these objects we refer to |MR.92j . 

To illustrate the relation of the process to the stochastic differential equation 

63) we need an explicit representation of the generator at least for 

some subset of An integration by parts yields the following representation for 

Ha,n restricted to F G C‘^{A^) C 

N 

^A.ivT(x) = -^A,F(a:)+/3 ^ - x,)(ViF(x) - V,F(x)), (4.6) 

i=l l<i<j<N 

X G . Furthermore, if we assume d{A^) to be Lipschitz, then 

{f g C2(A^) I 9,F = 0 on 9(A^)} c (4.7) 

where denotes the normal derivative, and representation (gSl) holds for such functions 
also, see |FCn41 Theo. 3.2]. Note that the functions in (14.71) have Neumann boundary 
condition on A^. 

Let FC'“(F, F) be the set of all functions on F of the form 

F{i) = gFi{fi,'y),---,{fn,7)), (4.8) 

where n € N, fi,fn € V := C'“(M'^), and gp G C'“(M"). Here C^(M‘^) denotes 
the set of all infinitely differentiable functions on with compact support and C'“(M’^) 
denotes the set of all infinitely differentiable functions on M”' which are bounded together 
with all their derivatives. For F as in (14.811 such that (sym^^')*F G C^{A^), (14.61) 
together with ( 1131 ) yields 

N 

^rT(7) = - 9*%F((/i,7),---,(/iv,7))((V/«,V/,)M4,7) 

7i=i 

N 

(/Ar,7))((A/j,7) - P “ y)(V/j(x) - V/j(y))), 

i=l {x,y}C-y 

(4.9) 

7 G where dj denotes the partial derivative w.r.t. the j-th variable. 

Now, using Ito’s formula, we find that the process solves the stochastic differential 
equation 63 in the sense of the associated martingale problem, see Theorem 113 ii). 
We say that corresponds to reflecting boundary condition because of the Neumann 
boundary condition seen on the level of the domain of its generator, see (123). 










N/V-LIMIT FOR STOCHASTIC DYNAMICS 


15 


5 . n/V-LIMIT of N-particle, finite volume STOCHASTIC DYNAMICS 

As state space for the iV/f/-limit we consider (F, with as in condition 

(RP), (D), and h as in Proposition 12.1 L f 3 is the inverse temperature. The laws of the 
equilibrium processes 

A 

are probability measures on (^([O, oo), Pi^^), cf. Theorem 14 . IL Since (^([O, oo), Pi^^) is a 
Borel subset of (^([O, oo),P) (under the natural embedding) with compatible measurable 
structures we can consider P (n) as a measure on (^([O, oo), P). Below, (X(t))j>o always 

denotes the coordinate process in the corresponding path space. We denote by (Ft)t>o 
the natural filtration on (^([O, oo), P). 

5 . 1 . Tightness. 

Theorem 5 . 1 . Suppose that the conditions (RP), (T), (BB), and (D) are satisfied and 
let (AAr)7vgN a sequence of volumes corresponding to the density /? > 0 . Furthermore, 
assume that the A^r C are such that C is the closure of an open, relatively 

compact set with boundary d{{AN)^) of Lebesgue measure zero. Set PW :=P„(iv). Then 

^Ajv 

(P^^')ArgN is tight on (^([O,oo),P). 

For a symmetric function / : x —> R we set functions : R”''^ —> R, 

n = 2 , 3 , 4 , by 

/[^’^'(X1,X2) := /(Xl,X2)^ 

/[^’^](xi, X2, X3) := /(xi, X2)/(xi, X3) + f{xi,X3)f{x2, X3) + f{x2, X3)/(xi, X2), 
/[^’^](xi,X 2 ,X 3 ,X 4 ) := f{xi,X2)f{x3,Xi) + f {xi, X3) f {X2, X4) + f {xi, xfij f {x2, X3), 
for xi, X2, X3, X4 G R, and functions : R"-''^ ^ R, n = 2 ,..., 6, by 
/[^’^](xi,X2) := f{xi,X2f, 

/[^’^](xi,X2,X3) := /(X1,X2)/(X1,X3)/(X2,X3) + /(xi, X2)^ (^/(xi, X3) + /(X2,X3)^ 

+ /(X 1 ,X 3 )^(^/(X 1 ,X 2 ) + /(X2,X3)^ + f ix2, Xsf (^f {xi, X2) + /(xi,X3)^, 

/["^’^'(xi, . . . ,X 4 ) := /(X1,X2)/(X3,X4)/(X1,X3) + . . . + /(xi, X 2 )^/(x 3 , X4) + . . ■ , 

/[®’^l(xi, . . . ,X5) := /(xi,X2)/(x3,X4)/(x5,Xi) + . . . , 

/t®’^'(xi, . . . ,X6) := /(X 1 ,X 2 )/(X 3 ,X 4 )/(X 5 ,X 6 ) + . . . , 

for xi,..., xg G R. 

Lemma 5 . 2 . Let the assumptions in Theorem 15.11 hold and / 3 , <h,/i be as in the metric 
Set ■= F^An- 

sup E (Ar)[(S’^^/®^*’'*) 2 ] < oo. 

N&N 
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Proof: Set f{x,y) := exp((/3/3)<I>(|x — y\))h{x)h{y), {x,y} C Then 

(5'(''/3)*’'*(7))^ = Y1 fix,y)fiz,w) + f{x,z)f{y,w) + f{x,w)f{y,z) 
{x,y,z,w}C'y 

{x,y,z}C'y {a;,J/}C7 

Now (|S21) together with (|S31) yields for N > Nq (as in Theorem ESI 

n=2 


< 


E 

n=2 


C 


n\ 


|/|[”’^](xi,...,Xn)exp ^ ^ P(j){xi - Xj)^ dx'^'^. (5.1) 


l<i<j<n 


The integrals in (EU are hnite due to the integrability properties of h and (RP) (note 
that exp(6<l>(| • D) exp(—c^) is a bounded function for all c > 6 > 0). Therefore, (I5.1jl is a 
bound for lE^(jv) uniformly in > Nq. Of course, E^(Ar) [(5^^^®^*’'*)^] is hnite 

for the hnite many N < Nq. Thus, the assertion is proven. ■ 

Lemma 5.3. Let the assumptions in Theorem 15.II hold. Then there exists Cq < oo such 
that 


1 1/4 

sup Ep(iv) d( 3 / 3 )s,^(X(t), X(s))^ < Ce (t - 

Nm L -I 


(5.2) 


Proof: Recall the dehnition of the metric d(, 3 / 3 )#,;i, see (j2.1l) . Since |1 — exp(—r)| < r 
for r > 0, by the triangle inequality we obtain 


E- 


p{iV) 


11/4 


d(,/3)*,,(X(t),X(s))4 < j;2-VfcEp(^)[|(/fc,X(t)) - (/fc,X(s))|"]V4 


k=l 


+ ^2-^gfcEpw[|5^''/")*’'‘'=(X(t)) - (5.3) 


k=l 


Set F{x) := Yli<i<N ^ ^ {^n)^, f £ C'^(I^'^)- By <14.31) we know that F E 

D{Sa^,n)- Note that (/, sym<'^)(-)) = F on (Aat)^. Thus, by (gSI) (/, •) G Fix 

T > 0. Below we canonically project the laws of the equilibrium processes P<^i onto 
:= (//([O,T],r)(^') without expressing this explicitly. We dehne the time reversal 
rj.{iv) := uj{T — ■), ui E Now, by the well-known Lyons-Zheng decomposition, 

cf. |TjZ88j , |F()T94j , we have for all 0 < t < T: 

(/, X(t)) - (/, X(0)) = iM(iV, f,t) + ^ (M(iV, /, T - t){rr) - M(iV, /, r)(r^)) 

P<^La.e., where (M(A1,/, t))o<t<T is a continuous (Pi'''^\ (FA^^(t))o<t<T)-iiiartingale and 
(M(iV,/,t)(r^)) o<t<T is a continuous (Pi^\ (r^ ^(FA^'(t)))o<t<T)-iiiartingale. (We note 
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that o rj,^ = because {T^J{t))t>o is symmetric on Moreover, by 

(lOl) the bracket of M(A^, /) is given by 

<M(iV,/)>(t)= [\\Vf\l„X{u))du 
Jo 

as e.g. directly follows from |F()T94j . Theorem 5.2.3 and Theorem 5.1.3(i). Hence by the 
Burkholder-Davies-Gundy inequalities and since Pivor^^ = Pat we can hnd Cj e (0, oo) 
such that for all / G N > Nq (as in Theorem 13.21) . 0 < s <t <T, 


Epw[|(/,X(t)) - (/,X(s))|Y/' < VEpw[|M(iV,/,t) -M(iV,/,s)|"]i/" 


+ Ep(^)[|M(iV, /, T - t)irr) - M{N, f,T- 


<C7 1 

Ep{Af) 

'[j\\Vf\l„X{u))dny' 

-|- Ep(]v) 

■(/:: 

\\Vf\l„X{T-u))duy' 


<2Ci{t-s 




1/4 


< 


iVfl-^dxA^y + <Cs{t-s)^/^I{f) 


(5.4) 


where Cs ■= 2 Cj max{^^/2, , see together with Theorem 13.21 and /(/) is given 

by 

But then from the above derivation of (lO) it is clear there exists Cg < oo such that 

Ep(^)[K/,X(t)) - (/,X(s))|4]V4 < C9l(/) (t - s)V2 (5.5) 

for all / G N £N,0<s<t<T. 

Now set U{x) = Ei<i<i<Aexp((/3/3)$(|xi-Xj|))/(xi)/(xj), x G (Aat)^, / G 
non-negative, and ‘h as in condition (RP), (D). Then from (14.3|) together with an ap¬ 
proximation argument we can conclude that U G //(Taj^.at)- This together with the fact 

that S'^'^/®^*’''^(sym^^^(-)) = U on (Ajv)^ implies via (14.41) that G D{S’^J). Hence 

as above we can hnd a Cio < oo such that for all non-negative / G C'c(M'^), X G N, 
0<s<t<T, 


Ep(.)[|5(^/^)*’^(X(t))-5('^/^)*’^(X(s))|4]V4 < Cio G(7)d/r'">(7)) 


1/4 

(5.6) 


where 
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= exp((/3/3)$(|x-2/|))exp((/3/3)^(|x-z|))/(y)/(z) 

y&'y\{x} 2:g7\{a;} 

- y\) /3$'(|x - z\) 


+ 


3|a: — y\ 3|x — z 
- y\) 


{x-y,x- z)^df{xy + I V/(x)k 


3|x - y\ 


{x - y, Vf{x))^df{x) + — P^{x - z,V f{x))^df{x) 


3\x — z\ 

= dix^y)+ 

{x,y}£^ {x,y,z}(^^ 


The function gl is given by 




5 -^(x,y) = exp((2/3)/3$(|x-y|))|^—$ (|x-1/1) f{x) f{y) + |V/(x)|jjd/(i/) 

+ |V/(y)|Rd/(x)2 + - y^ f{yff{xWf{x) - f{xff{y)yf{y))m^d 


and is the symmetrization of 

6exp((/3/3)$(|x - y\)) exp((/3/3)$(|x - z\))f{y)f{z 
'P<^'{\x -y\) y^'{\x - z\) 


3|x — y\ 3|x — z\ 


{x-y,x- z)^df{xy 


, m2 , P^'{\x-y\), , P<^'{\x-z\) 

+ |V/(x)|Rd + —-— X - y, V/(x) Rd/(x) + —-—(x - z, V/ X )Rd/ X 

3|x — y\ 3|x — z\ 

Now by together with Theorem l3.2l we get for all non-negative / G C^(]R‘^), N > Nq, 
0 < s < t < T, the following estimate: 

Ep(^) < Cio {t - sy/^R{f), (5.7) 

where 

-R(/):=(^ [ \g3ixiyX-2,X3)\exp (-^ V y4>{xi - Xj)) dx^^ 

V3! V)3 V ) 


\ 1/4 


+ Ij- Jy 2 (a^ii^ 2 )|exp -/3(()(xi - X 2 )) dx®^ j . (5.8) 


The integrals in (15.8f) are finite due to the differentiability and integrability properties 
of / and (RP), (D) (<!>'exp(—a<h) is by assumption a bounded function for all a > 0). 
Then for all non-negative / G (//^(M'^), N > Nq, 0 < s < t < T, 

Ep(iv)[|5(^/^^*-^(X(t)) - 5(^/^)*’^(X(s))|4]1/^ < CioRif) y - sY^^- 
But then by (15. 6 j) there exists Cn < 00 such that 

Ep(iv)[|5('’/'>*’^(X(t)) - 5(''/'>*’-f(X(s))|Y^^ < CnR{f) {t - 


(5.9) 
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for all non-negative / G N^N,0<s<t<T. If we now assume that 

Qk = inf{l, 1/I{fk)} > 0 and pk = mf{l, 1/R{hk)} > 0 , 

and Ce = Cg + Cn, then from together with (E31) and JESl) we can conclude JOl). 

■ 

Proof of Theorem mu Criteria for tightness of cadlag (i.e., right continuous on 
[ 0 ,oo) and left limits on ( 0 ,oo)) processes in metric spaces have been worked out in 
|EK861 Chap. 3]. For continuous processes as we are considering one uses a slightly 
different modulus of continuity (and also a different topology on the path space) as for 
cadlag processes. However, by using the Arzela-Ascoli Theorem in metric spaces, see 
e.g. |Cho661 Chap. I, Theo. 23.2], it is easy to show that |EK861 Chap. 3, Theo. 7.2] is 
also valid in the continuous case. Since the sets 

{7 G r 1 < i?}, R<oo, 

are relatively compact subsets of (E, ^(, 3 / 3 ),^ see Proposition 12.IL Lemma [5.21 yields 
condition (a) of |EK861 Chap. 3, Theo. 7.2] (recall that is the invariant measure of 
P^^^). Condition (b) of |EK861 Chap. 3, Theo. 7.2] follows from LemmamSl ® 

5.2. Identification of the limiting eqnilibrium measures as a canonical Gibbs 
measures. Consider the sequence of equilibrium measures corresponding to 

the (P^^^)Ar£N as in Theorem 15.11 Then tightness of (P^^')jveN implies tightness of 
(/U^^Ongn- Now let jjL be an accumulation point of (/i^^^) 7 VGN- Our aim is to identify p 
as a canonical Gibbs measure via an integration by parts formula. 

Lemma 5.4. Assume condition (D). For n G N and v G C'“(M'^,M'^) consider the 
function 

r 9 7 Lf’;,( 7 ) :=-/3 ^ {V(j){x-y),Ikiy)v{x) - Ik{x)v{y))^d, 

{x,y}£'i 

where the collection I = {Ik ] A: G N} is as in Section|U Then is a continuous function 
on (r, (i(/ 3 / 3 )#,h)- 

Proof: Just an easy modification of the proof of |KKn41 Lem. 3.4] where the continuity 
of is shown. ■ 

Lemma 5.5. Let the conditions in Theorem o hold. Then for all accumulation points 
/i of and all v G C“(]R‘^, M'^) we have that 

if" lim Kl. 

k^oo ’ 

exists in L^(/r). 

Proof: Set fk{x, y) := (5Vct){x- y)) {lk{y)v{x) - Ik{x)v{y)^ , {x, y] C M^. Then 

n=2 {xi,...,Xn}C'y 
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Now as in the proof of Lemma 15.2L (l.‘L2ll together with (I■‘L4B yields for N > Nq (as in 
Theorem El 

KmUtkf]<J2 + J3 + J4, 


where 


Jn=^ [ |/fc|["-’^](xi,...,a:n)exp ^ Pcpixi - xj)) , n = 2 , 3 , 4 . 

Since the potential (p is bounded from below, there exits C12 < 00 such that 
Cl2 ( f 

\Ja\<^{ / \\Ik{x2)v{xi) - Ik{xi)v{x2)\\ud 

X \\pV(j){xi-X2)\\udexp(^-fi(j){xi-X2)^ 

Analogously, (using Young’s inequality) we obtain 

Ci 3 

1*^31 — 2 ll'^llsup 11/3 V'?^||Ll(exp(—/ 3 (/i)dx) 

X / \\Ik{x 2 )v{xi) - 4(a;i)^^(a;2)||Rd||/3V(/)(xi - X2)||Kd exp ( - PPixi - X 2 )] dx®‘^ 

J{Rd)2 \ J 

< C'l 3 ||'y||sup||l^||Ll((ia:)ll'^^'/^llLl(exp(-/ 3 <^)dx) 
for some C13 < 00. J2 can be estimated as follows: 

141 < ^ / \\Ik{x2)v{xi) - Ik{xi)v{x2)\\'id 

4 J{Rd)2 

X \\pV(j)ixi-X2)\\lde^p ( -/3</>(xi - X 2 )) 

Next for 0 < r < 00 set 

Lt,k,r ■= iLt,k,r V -r) A r. 

Then, by LemmaEH ^ is a bounded continuous function on (T, d(/3/3)s,j,). Addition¬ 
ally, 

(iY)"<(4)" a-'cl (iY)V(iL)" as r^ao. 

Now let fd be an accumulation point of he., ^ ^ weakly for some 

subsequence —> 00 as n —> 00. Then 

and so 

< 00 

due to the estimates for | 4 U 4 |) | 4 |- Hence L'^y. ^ -h^(h)- Let k > 1 . As above we can 
estimate 
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- </)'] < ^15 (^ll^llsup||/?V(/.|Ul(e.p(_^^),,) 

X / 11(4(3:2) - ^/( 3 : 2 ))^^(a;i) - ( 4 (a;i) --^«(a:i))^^(^2)||Rd 

3(K3)2 

X 11/3 V(/)(xi — X 2 ) IIr^ exp ^ — /3(/)(xi — ^ 2 )^ dx®"^ 

+ / 11(4(3:2) - ^/(a: 2 ))^:(a:i) - ( 4 (a:i) --^«( 3 :i))i:( 3 ; 2 )||Rd 

3(R3)2 

X 11/3 V(/)(xi - X 2 ) llgd exp - /3(/>(xi - X 2 )) j 


— 4 i5 ^2 IIx llsup 1411 (dx) 11 /^ {exp(—I3<f>)dx) 

X / 11/3 V(/)(xi - X 2 )||Rd exp (-/3(/)(xi - X 2 )) dx 

XR'i/Sfl; ( 0 ) ^ ^ 

+ 21411^2(^3.) [ 11/3 V(/)(xi - X 2 )||Kd exp (-/3(/>(xi - X 2 )) dx) := Cie{l), (5.10) 

where Ri is a certain radius and the corresponding ball centered at the origin. 

Since 4(x) — d^x) = 0 if ||x|| < / — 1, we have Ri ^ 00 as I ^ 00 . Now property (D) 
yields that Ciq{1) —> 0 as / ^ 00 . Hence {Lff,)k£n is a Cauchy sequence in Lp‘{^i). ■ 


Lemma 5.6. Let the conditions in Theorem 15.11 hold, let V £ C° 


and define 


f -P ^{x,y}e'rC^Pi^ - y)^vix) - x(y))Rd 

Lti'l) ■= I ifE{x,j/}G7l(^<?^(3;-?/)>^(3^))R'^l <00 

0 otherwise 

Then Lt is an L^(/i)-version of L+^. 


Proof: Define the sequence 

+4^fe(')') = Y1 l(^<?^(® - ?/)>'^(a^))R‘*l^fc(d)> 

{x,y}G7 

Then Tf^^( 7 ) monotonically converges to 


M^h)-= Y1 l(^<('(^ - 2 /)>^(^))r3| 

{x,y}e-y 

as A: —> 00 . Furthermore, by estimates as in the proof of Lemma I5.5L the L^(/i)-norms of 
the M^^( 7 ) are uniformly bounded. Thus, by monotone convergence My G and 

therefore there exists S' C T with /r(S) = 1 such that 

^t{l) < 00 for all 7 G S. 
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Now we return to the L'^ Note that for a subsequence as m —> oo 

for /r-a.a. 7 G F. Obviously, for this subsequence and all 7 G 5; -^^^^( 7 ) ^ Lt{'y) as 
m —> 00 . Thus 


L^-^^( 7 ) = lim ( 7 ) = L^( 7 ) for/ra.a. 7 G 5. 

m—^oo 


For later use we also need: 


Lemma 5.7. Let the conditions in Theorem ED hold. Then for all subsequences 
converging weakly to an accumulation point // of and all v G 

we have 

supIE^[|L^_j 3 ] < supsupE^(jv„)[|L^^;, p] < 00. 


Proof: As in the proof of Lemma 15.51 we get for N > Nq (as in Theorem El: 


<K2 + K3 + Ki + K5 + Ke, 


where 

Kn=^ [ |/fc|[’^’^](xi,...,Xn)exp 


l< 2 <ji<n 


n = 2 , 


, 6 . 


iF 2 can be estimated as J 2 , here we need that V(/> G exp(—/3(/>)dx). ATg can be 

estimated as J 4 , here we need that V(/> G exp(—/3^)dx). Using Young’s inequality 

K3-K5 can be treated as J3. In these cases we need Vfj) G L^{W^,exjp{—P(f>)dx) H 
exp(—/3(/>)dx). Then as in the proof of Lemma 15.51 we get the desired estimate. ■ 
In order to formulate the next lemma we recall the gradient introduced and studied 
in |AKR98^ . It acts on finitely based smooth functions as in as follows: 

n 

{V^F){-i,x) = ^9j5F((/i,7),---,(/n,7))V/j(x), 7 G F, x G 7. 

i=i 

The corresponding directional derivative in direction v G C'^(]R'^,M'^) is given by 

n 

(Vj^^)( 7 ) = X]'^jdF((/i,7),--- ,(/n,7))((V/j,u)Rd,7) 7 G F, X G 7. ( 5 . 11 ) 

i=i 


Lemma 5.8. Suppose that the conditions (BB), (D) are satisfied and that G N, 
A C M'’* bounded Borel measurable. Let be the corresponding canonical Gibbs 
measure. Then for all F,G € FC^{T>,T) and v G C^{A,M^) the following integration 
by parts formula holds; 

/ VlfOdri"' = - / FWlGd,T> -1 FGBtdA"'. (5.12) 

JIa -'Ia 


where 


Bt-.= (divx,-) + Lt 


(5.13) 
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Proof: First let us show that (divu, •) G Indeed, by Hh.2l) 

/'(^)(div'(;, 7 )^(i/rr’( 7 ) = ^ div'(;(x) div'(;(y) + ^(divi;(x ))2 

= f (divu(x))^/cA’^'(x) dxA + ^ f divx(xi) divx(x 2 )/ca’^^(xi,X 2 ) dx®^ (5-14) 

Ja 2 Jf^2 

which is hnite due to the boundedness of the correlation functions. Similarly, we find 
that {{Vf,v)^d, ■) G for all / G H. 

Next note that 

^^(7) = (divx,7) +F^^fc(7) 

for all 7 G if k is chosen large enough. Then using the ideas as in the proof of 
Lemma 15.51 one gets G and then, of course, also Bt G Now by 

going to Euclidean coordinates one easily proves (15.121) by integrating by parts. Note 
that the boundary terms are zero due to the support property of v and that (D) implies 
that 

Vexp(—(/)) = — V(^exp(—(/)) dx-a.e. on M'^. 


Theorem 5.9. Assume the conditions in Theorem roi Furthermore, let ^ he an accu¬ 
mulation point of (/r^^^) 7 VGN provided by Theorem, \5. A Then for all F,G £ iFC^{'D,T) 
and V G the following integration by parts formula holds: 

j VlFGd^i = - [ FVlGdp- f FGB^dgi. (5.15) 

t/ r t/ r t/ r 

In particular, p is a canonical Gibbs measure. 

Proof: By the product rule for V*" it suffices to prove (15.151) for 
F = grUfi, ■),■■■ ,{fn,-)) and G = 1. 

If now —> p weakly as n —> 00 , then by Lemma 15.81 it sufhces to show that 

lim E -„)[vJ;F] =E^[VJ;F] and lim E -„) = E^[FA^]. (5.16) 

Let us first consider the second identity in From (l^ia together with dsn we 

can conclude that 


E^(iv)[(divx,7] <e||divx||22(^^^ + |-||divx||2i(^^) := C 17 . 
Furthermore, notice that for 0 < r < 00 

F)v,r '■= ((divx, •) V —r) A r 

is a bounded continuous function on (F, d(^/ 3 )s,^). Hence 

< E/.[(divx, •)2] < eildivxll^^^^^) + ylldivxH^i^^^^, 


(5.17) 
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by the same arguments as in the proof of Lemma 15.51 (there applied to L'^ j^). Then by 
the triangle inequality, (CT71) and (I^TTI) 

+ |E^(jv„) -Ef,[FD^^r)] \ +E^[|F||(divi;,-) 

+ E^(iv„) |F|| ^ {V(l){x - y),{l - Ik{y))v{x) - {1 - Ik{x))v 

{a;,?/}£(•) 

+ E„,„„,[|F||lJj - + |E„,I[flJ j,I - ejffJj JI 

+e.itiiaL,, - <»ii +^Aimtk - F\ 

2^17115_p 11 sup 


< 


+ II^MiVn) [FDy^r)] - Efj^[FDy^r 


+ ||5F||supCi6(fc) + +E^[|F||L^_, - L^|] 


+ II5f|| 


suPfceNlEp[(L^^fc)^] „ „ supfcep^sup„epjE^(iv„)[(Lf 


sup 


+ II5e|| 




sup 


r r 

^ ^ 2 l t/T<P ',21 


The constants supfcgpjE^[(L^^)^], supy!.gp^sup^gpjE^(Ar„)are finite due to the es¬ 
timates for IJ 2 I, I Jsl, IJ 4 I in the proof of Lemma [531 Now the second identity in (15.161) 
follows from Lemma ESI and the weak convergence y as n ^ 00 . 

Note that 

n 

VlF = Y, djQFiih, •),•••, (/n, •))((V/„ u)r., •). 
i=i 

Thus, showing the first identity in (15.161) is a special case of proving the second one. Just 
take the monomial ((V/j, u)Rd, •) instead of the monomial (divu,-) and the function 1 
instead of Lt, all the other functions involved are bounded and continuous. 

Hence we have shown (ETSl) . The fact that ^ is a canonical Gibbs measure now follows 
from |AKR,98bl Theo. 4.3]. ■ 


5.3. Identification of the accumulation points as the distribution of an infinite 
volume, infinite particle stochastic dynamics. Let us fix an accumulation point y 
of Then for all F,G £ FC^{'D,T) we consider the bilinear from 

S^{F,G) := ^(VrF(7),vrG(7))r,(r) dy{j) 

= [ j;(V^F(7,x),VrG(7,x))R.d^(7), (5.18) 

x&'y 

where (•,-)r.^(r) = X]a;G 7 ('G)]R‘^ is the scalar product in the tangent space Ty(r), see 
|AKR98b| for details. Using the integration by parts formula derived in Theorem 15.91 we 
obtain for F, G E FG^{V, T): 

£^{F,G) = j^H^FGdy, 
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where 

N 

H^F = - ^ didjgFiih, (/jv, •))((V/,, V/,-V, •) 
hi=i 

N 

- Y, djgFiifi, (/a, •)) ((A/,, •) + (5.19) 

i=i 

for F G FC^(T>,T) as in (l4.<Sj) . 

Theorem 5.10. Assume the conditions as in Theorem roi Furthermore, let P he an 
accumulation point of (P^^^)ArgN with invariant canonical Gibbs measure g provided in 
Theorem rm Then P solves the martingale problem for {—Hfj,,FC^(V,T)) with initial 
distribution g, i.e., for all G G FC^{V,T), 

G(X(1)) - G((X(0)) + r F^G((X(rt)) du, t > 0, (5.20) 

JO 

is an Ft-martingale under P and P o X(0)“^ = g. 

Proof: For t,s >0, we define the following random variable on (^([O, oo), F): 

ft+s 

C/(X, t, s) := G{X{t + s)) - G(X(f)) + J H^G{X{u)) du. 

Corresponding to 

G = <7G((/i,-),...,(/n,-))G-^C'r(F,F) 

we define 

N N 

G{x) ixi,...,XN) G A^. 

i=l i=l 

Note that G(sym^^'(-)) = G on A^. Since the /i,... ,/„ have compact support there 
exists A^o G N such that G is an element of ((A^r)^) C for all N > Nq. Hence 

for N" > A^O) G G and we have the pointwise representation of provided 

in (IO|) . Notice that this representation coincides with the pointwise representation of 
H^G, see (O^ . 

The trace filtration obtained by restricting (Ft)t>o to C([0, oo), F)(^^) coincides with the 
natural filtration of G([0, oo), F)(^^). Furthermore, p(^) solves the martingale problem for 
w.r.t. (F)(^'(f))j>o. Therefore we have for all Ft-measurable, bounded, 
continuous Ft : G([0, oo), F) —> M and N > Nq that Ep(jv) [FfUit, s)] = 0. Thus it follows 
that 

0= lim Ep(Ar) [Ft[/(f, s)]. (5.21) 

A—»oo 

Now let {Nn)neN a subsequence such that p(^") —> P weakly. Having H5.21I) it remains 
to show 


lim Ep(iv„)[Ft[/(f,s)] = Ep[Ftf7(f, s)] 


( 5 . 22 ) 
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to obtain ((oni)- We have 

< |Ep(^„)[Ft(G(X(t + s))-G(X(t)))] -Ep[Fi(G(X(t + s))-G(X(t)))]| 

pt-\-s 

+ |Ep(^„) [FtH^G(X{u))] - Ep[FtH^G{X{u))]\du. (5.23) 

The first term on the right hand side of the estimate (OSll converges to zero as n —> oo, 
because the function T)(G(X(t + s)) — G(X(f))) is bounded and continuous. Showing 
that 

|Ep(jv„)[Ft/7^G(X(ir))] - Ep[Ft/7^G(X(u))]| ^0 as n ^ oo Vi/ G [t,t + s] 

is essentially the same as proving (15.1 Bjl . done in the proof of Theorem 15.91 Now using 
the Cauchy-Schwartz inequality, the fact that /r and are the invariant measures of 
P and respectively, and the boundedness of {E^(Nn)[{H^G)‘^] | n G N} we find a 

constant Gis < oo independent of n G [t,t + s] and n G N such that 

|Ep(^„)[T)/7^G(X(u))] -Ep[T)//^G(X(u))]| < Cig. 

Therefore, the second term on the right hand side of the estimate ( 1 ^:^ converges to 
zero as n —> oo by Lebesgue dominated convergence. Thus, ( 1 ^:^ is shown. 

Obviously, we have P o X(f)“^ = fi for all f > 0, in particular P o X(0)“^ = ® 

Remark 5.11. Using Ito’s formula, Theorem 15.1 Dl imnlies that each accumulation point 
P of (P^^') 7 vgn solves the following infinite system of stochastic differential equation in 
the sense of the associated martingale problem: 

dx{t) = —j3 V(l){x{t) — y{t)) dt + \/2dB^{t), 

y(i)ex(t) 

PoX(0)"^=//, (5.24) 

where x{t) G X(f) G T, 7 G T, is a sequence of independent Brownian motions 

and /i is the invariant measure corresponding to P. 

5.4. Identification of the accnmnlation points as Markov processes and uniqne- 
ness. By j^dC^t98b| the closure of (T^, T)) on L 2 (r,/r), in sequel denoted by 

(£;mm, 7 )(^min)), jg conservative, local and quasi-regular, hence associated with a diffu¬ 
sion process on T. When started with its distribution P^ also satisfies the martingale 
problem dssni)- So far we do not know whether P^ = P with P as in Theorem 15. 101 A 
first step to that identification yields the following convergence of the associated Dirichlet 
forms. 


Proposition 5.12. Let the assumptions in Theorem, 15. /I hold, and let be a 

subsequence converging to an accumulation point p, of (/r^^')jveN- Then for all F,Gg 

FC^(P,T) 
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Proof: By polarization identity we can restrict ourself to the case F = G. From 
we get that 


WF) 





ifn, 7))((V/i, V/j)Rd, 7 ) dgij) 


for F as in (gSl)- Furthermore, by definition of £^\ see ( 1131 ), we find 



■ ■ , (/n,7))9jffF((/l,7), • • • , (/n,7))((V/i, V/j)Rd,7) 


again for F as in dllHI). Since ^ jjL weakly as n ^ 00 , (15.251) follows by analogous 
arguments as in the proof of Theorem 15.hi ■ 

This convergence, however, is too weak to conclude convergence of the associated 
semi-groups or resolvents. For this we need the stronger Mosco convergence of quadratic 
forms. The concepts of Mosco convergence were introduced in |Mos94| . Here we need a 
generalization of these concepts provided in [KSO.S) . 


Definition 5.13. We say that a sequence of Hilbert spaces {Hn)nen converges to a 
Hilbert space H, if there exists a dense subspace C G H and a sequence of operators 
(^n)neN, where 


^n-C ^ Hn, n G N, 

with the following property: 

lim \\^nu\\Hn = \\u\\h 

n^oc 


for all u € C. 


Let fi be an accumulation point of and a subsequence such that 

lim^^oo = 9- When choosing C := FC^{V, F) and the mapping := Rn, n G N, 
as the choice of the continuous representative of a function from FC^{'D,T) C 
(this can be done uniquely, since /r as a Gibbs measure has full topological support on 
F) and then considering as function in we see that Hn '■= converges 

to F[ := LP‘{ 9 l) in the sense of Definition 15.131 as n ^ 00 . 

Definition 5.14 (strong convergence). Let (Lfn)nGN) (‘hn)nGN) H and C be as in Defi¬ 
nition D 1 '■! We say that a sequence of vectors {un)ne¥i with Un G Hn,n G N, converges 
strongly to a vector u £ H, it there exists a sequence (un)nGN in C with the following 
properties: 

lim \\um, — u\\h = 0 

m^oo 

lim limsupll^nUm - uJlHr, = 0- 
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Definition 5.15 (weak convergence). Let H and C be as in Definition 

We say that a sequence of vectors (rtn)nGN with Un G Hn,n G N, converges weakly 
to a vector u G H, 

lim {Un,Vn)H„ = {u,v)h 

n—>oo 

for every sequence (fn)neN with Vn G Hn, n G N, which strongly converges to v G H. 

In |Kol04j [Lem. 2.7] the following simple criterion for strong convergence has been 
proved. 

Lemma 5.16. Let {Hn)neN, (‘hn)neN) H and C be as in Definition 15.131 A sequence 
{un)n£N with Un G Hn, n G N, Converges strongly to a vector u G H, it and only if 

lim ||n„||H„ = IIi^IIh and lim {un,^niv)) Hr, = {u,v)h for all v G C. 

n—>cxD n—>oo 

Definition 5.17. Let {Hn)neN, (‘hn)nGN) H and C be as in Definition 15.151 We say that 
a sequence of bounded operators (i?n)neN with Bn G L{Hn),n G N, converges strongly 
to a bounded operator B G L{H), if for every sequence {un)neN with Un G Hn , n G N, 
which strongly converges to u G H, the sequence {BnUn)neN strongly converges to Bu. 


Next we consider convergence of quadratic forms Q. Recall that a quadratic form on 
a Hilbert space 7i is given by a bilinear form £ : D{£) x D{£) —> M, where D{£) C H. 
We consider only densely defined, non-negative, closed, symmetric bilinear forms. Then 
we define the corresponding quadratic form Q : —> M by setting 


Q{u) 


£{u, u) if u G D{£) 
oo otherwise 


Recall that closedness of {£, D{£)) is equivalent to lower semi-continuity of Q : 77 ^ M. 


Definition 5.18 (Mosco convergence). Let {Hn)neN, (‘hn)nGN) H and C be as in Def¬ 
inition We say that a sequence of quadratic forms (Qn)neN with : Hn K, 

n G N, Mosco converges to a quadratic form Q : H ^ M, if the following conditions hold: 
(Ml) If a sequence (un)neN with Un G Hn,n G N, weakly converges to a vector u G H, 
then 


Q{u) < liminf Qn{un)- 

n^oo 

(M2) For dll u G H there exists a sequence {un)neN with Un G Hn,n G N, which 
strongly converges to u and 

Q{u) = lim Qn{Un). 

n^oo 

In [M os94) it is proved that Mosco convergence of a sequence of quadratic forms is 
equivalent to the convergence, in the strong operator sense, of the sequence of semi¬ 
groups and resolvents, respectively, associated with the corresponding bilinear forms. In 
[KS03) this result is generalized to the present situation, where we have a sequence of 
Hilbert spaces. Here strong convergence of bounded operators has to be understood in 
the sense of Definition I5.17L 

We are interested in the case where Qn is the quadratic form corresponding to 

n G N, and Q the quadratic form corresponding to (T™“, D(T™™)). In order 
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to check (Ml) we need to consider a closed extension of F)) on L^(r,/r), 

which possibly is larger than Let VFC^{'D,T) be the set of all maps 

defined as follows; 

N 

i=l 

where Fi,...,F/v G FC^{V,T) and vi,...,vn G For V = ZZi^ 

VFC^(V,r) we define 

N 

dW^^V :=Y,iKF'^ + BtFiV,), 

i=l 

see (|5.13l) and Lemma EH From the integration by parts formula provided in 

Theorem 15.91 we can conclude that for all F G FC^{'D,T) and V G VFC^{'D,T) 

j (V^F, V)tt d/r = - y Fdiv^y d^. 

Let ((div^)*,-D((div^)*)) denote the adjoint of (div^, VFC'“(I?, F)) as an operator from 
L^(F,rF,/i) to L^(F,;u). By definition, G G L^(F,;u) belongs to Il((div^)*) if and only 
if there exist a unique (div^)*^ G L^(F,rF,/i) such that 

j Gdiv^y j d^l for all V G VFC^(V, F). 

We set D{£^^^) := L>((div^)*), d^ := (div^)* and define 

G) := j {d>^F, d^^G)Tr d^, for all F,G € D{£'^^^). 

From the integration by part formula it follows that 

FCb“(P,F) C L»(T;f“) and d^ = on FG^{V,T). 

Hence the densely defined, non-negative, closed, symmetric bilinear form D{£'^^^)) 

extends (T™“, From general theory it is clear that has an 

associated self-adjoint generator (F[^^^, However, it is not clear whether it 

is Markovian. In |SS03j it is shown that for non-negative interaction potentials (j) the 
generator of the closure of restricted to is the maximum Markovian 

self-adjoint extension of {H^^FC^{V,T)). 

Condition (Ml) we can only check, when Q is the quadratic form corresponding to 
(£;max^ ^(£;max))_ Condition (M2) we can only check, when Q is the quadratic form 
corresponding to (T™“, Z)(T™™)). Hence we have to assume that (T™°, L)(T™“)) = 
(^-max^ ^(£’max))_ , D is Markovian, this is equivalent 

to the so-called Markov uniqueness property, see e.g. |Ebe99j . Obviously, the prop¬ 
erty (T™“,F(T™™)) = (T™*™, L)(T™'^^)) is weaker than essential self-adjointness of (F^, 

FC^{v,r)). 

To verify (Ml) we need strong convergence of the logarithmic derivatives. 
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Proposition 5.19. Let the conditions in Theorem 15. Il hold and V E VFC'“(P, T). Then 
div^y considered as an element in converges strongly to div^P considered as 

an element in L^(/i) as n —> oo (recall that div^P is a pointwise defined function on T). 

Proof: In the proof of Theorem 15.91 we have shown that 


lim / 

n^oo 


Fdiv^Pdiu''^") = / Fdiv^^Vdn 


for all F E FC^{F,T). Hence, by Lemma 15.161 it remains to show that 

Jr 


lim 

n—^■oo 


Since for V = ^^iFiVi E VFC^{'D,T) we have 


N 


divJP = ^{Vl.Fi + (divui, •) + L^.FiVi), 


i=l 


KTrl follows from 


lim / 

n^OO /p(-^n) 


|(divu;,-)L^| = / |(divu;,-)L^|dM 


^ A 


JVn 


and lim / 

n^oo /r(-^n) 




(5.26) 


(5.27) 


(5.28) 

(5.29) 


for all v,w £ C'“(M“,M“). For all the other terms convergence can be shown as conver¬ 
gence of (I5.26|) . Using the notation as in the proof of Lemma l5.5l we get: 


+ |E^(-.)[((<fc)')r] -IE;.[((<fc)')r-]l +E;.[(<,)' - ((<fc)')r] + " (^^)']l 

< ( sup Je (N„)[{Lty] + supsup v/lE^(iVn)[(Lf’fc) 2 ]) \/Cie{k) 

^nGN ’ fceNneN ^ 

+ yE,[{Ltr] + sup ^/eJi^]) ^E^iiLi 


k&N 

'l 2 \ 1 _ ^ 2 ^ 


+ |E^(.„)[((l:^,)^),]-E^[((l:^,)^),]| + 


0 _ l<t> ^2 


v^k) 

0 |3l 


0 |3l 


+ 


SUPfcgN sup^gpj E^(iv„) 


The constants sup;jgpjE^[|L^^|^], sup^^js} sup^^js}E^(Ar„) are finite due to Lemma 

15.7L Furthermore, the constants sup^^pj E^(iv,i) [(L^)^], sup^j-gp^ sup^^pj E^(iv„) [(L^^)^] and 
supfcgp^ fc)^] finite due to the estimates for | J 21 , | J 31 , | J 41 provided in the proof of 

Lemma 15.51 Now (I5.29|) follows from Lemma 15.51 and the weak convergence —> /i as 

n 00 . can be shown analogously, since the constant sup„gi!^E^(iv„)[|(divu;, •)|^] 
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is finite for all 1 < p < oo. For p = 2 this is shown in the proof of Theorem Eia see 
(I5T71 i . The proof easily generalizes to all 1 < p < oo due to the Ruelle bound (ESI). ■ 

Theorem 5.20. Let the assumptions in Theorem \5.1\ hold and let be a subse¬ 
quence converging to an accumulation point p of Suppose that (T™™, 

_ ^£;max^ Then the sequence of quadratic forms corresponding to {£[^\ 

Mosco converges to the quadratic form corresponding to 

Proof: Since is the closure of (T^, JFC'^(P, T)), Proposition 15.121 

together with |Koin4^| [Lem. 2.8] implies (M2) 

In order to check condition (Ml), we consider a sequence (F’n)neN with Fn G L^(/i^^"^), 
n G N, which weakly converges to T G L^(/i). Furthermore, recall that in Proposition 
EH we have shown strong convergence of div^P considered as an element in 
to div^P considered as an element in Lf‘{p) as n —> oo for all P G VFC^{'D,T). 

First let us assume that F G D(£Jf^^). Then 


( f (d'‘F.V)rrd^)'F( l Fd„^,Vd^y=lunj J 

^JV„ 

< liminf Qn{Fn) [ (P, P)Tr dp for all P G VFC^{V, F), (5.30) 

n^oo Jy' 

where Qn is the quadratic form corresponding to {£^^\ D{£jf^^^)). Since VFCf°{'D,T) 
is dense in L^(F,rF,;u), (jO.HOI) yields (Ml) for F G D(£^‘^^). 

For F D{£Jf^^) we have Q{F) = oo, where Q is the quadratic form corresponding 
to T>(T™®'^)). We assume that liminf^^oo Qn{Fn) = C'lg < oo, then 


\^Fd\vlVdp\ < y^||P||L2(r,Tr,/.) for all P G VFC^{V,T). 

I.e., F G (div^)* = D{£Jf^^). That is a contradiction! Hence liminf„_>oo Qn{Fn) = oo. 


Remark 5.21. The essential ideas for proving Theorem \5.2(A we got from the proof of 
|Kol04) fPron. 4-1]- 

We denote the strongly continuous contraction semi-group associated with 
D{£;f-^)) by (r^(t))t>o. 

Corollary 5.22. Let the assumptions in Theorem, \5. 1\ hold and let {p^^"'')n£fq be a subse¬ 
quence converging to an accumulation point p of Suppose that (T™“, L>(T™™)) 

= {£Jf^^,D{£Jf^^)). Then the sequence of semi-groups (Tl^"'(t)) strongly converges to 
T^{t) as n ^ oo for all t >0. The same holds for the corresponding resolvents. 


Proof: By Theorem I5.2f)l this follows directly from |KSf),3l Theo. 2.4]. 
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Theorem 5.23. Let the assumptions in Theorem 15. /I hold and let P be an accumula¬ 
tion point of with invariant canonical Gibbs measure fi. Suppose that 

2 ^(£;min)) _ f^gmax^ jjThen P is the law of a Markov process with initial distri¬ 
bution pL and semi-group iT^{t))t>o- In particular, all accumulation points o/(P^^')ArgN 
with the same invariant measure // coincide. 

Proof: Let (P^^"^)nGN be a subsequence such that = P- This implies 

lim^^oo = h- From Corollary 15.221 we now can conclude that Tfff\t) converges 
strongly to r^(t) as n —> oo for all t > 0. Thus, finite dimensional distributions of P are 
given through (T^(t))i>o. Since this holds for all accumulation points of (P^^^)jvgN with 
invariant measure pt, they all coincide. ■ 

6. Application to the problem of equivalence of ensembles 

Grand canonical Gibbs measures correspond to an interaction potential (f>, inverse 
temperature /3 > 0 and activity function z >0. An interesting question is the equivalence 
of the grand canonical and canonical ensemble, i.e., the question whether grand canonical 
and canonical Gibbs measures corresponding to an interaction potential (p and inverse 
temperature (3 coincide for a certain relation between their activity function z and particle 
density p, respectively, see e.g. |Geo791 Ghap. 6]. Furthermore, it is of interest whether 
one can approximate grand canonical Gibbs measures by finite volume canonical Gibbs 
measures. 

Theorem 6.1. Assume that the conditions in Theorem ro hold and that we are in the 
low density, high temperature regime, i.e., 

1 

^ ^ 2exp(2/3A + 

Then the sequence of finite volume canonical Gibbs measures with empty boundary con¬ 
dition converges to a canonical Gibbs measure p with constant density p as 

—> oo. Furthermore, p is a grand canonical Gibbs measure corresponding to the activity 

z = lim (6.1) 

N^qo Z\ 

Ajv 

Proof: Let us fix an accumulation point p of {p^^^)Nen, i-e., there exists a subsequence 
such that —> p weakly as m —> oo. Prom Theorem EH we know that p 

is a canonical Gibbs measure. Let / G Cc(M'^). Then (/, •) is a continuous function on 
(r, and as in the proof of Theorem 15.91 we can show that 

[(/,•)] = lim E (^^) [(/,•)]. 

Now (TO) yields 

•)]= lim [ f{x)k^fi;^J^\x)dxA 

m—>oo JAiv 

In |BPK701 Sect. 4] it is proved that in the low density, high temperature regime 

lim k^’^'^fix) = p for all x G M^. 

ra^oo ^ ^ ^ 
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Hence, using the Ruelle bound o and Lebesgue’s dominated convergence theorem, we 
obtain 

^t^[{fr)]=P [ fdx. (6.2) 

JKd. 

Thus, fi has constant density p. 

Moreover, in [BPKTOl Sect. 4] it is proved that in the low density, high temperature 
regime there exits a sequence of functions —> R such that 

lim k^/C'^\xi ,..., Xn) = ..., for all (xi,..., x„) G R"’''^ and all n G N. 

Using the Ruelle bound, see Theorem I, ‘1.21 and analogous arguments as in the derivation 
of (I6.2|l . we can identify the sequence {k^'^^)n<=n as the correlation functions of p. Since 
this is true for all accumulation points of all accumulation points coincide 

and converges to the canonical Gibbs measure p as N ^ oo. 

Finally, [RPKTDl Theo. I] together with [RPKTDl Theo. IV] implies that the sequence 
of correlation functions fulfills the Kirkwood-Salsburg equations for z as given 

in dnu). Thus, p is a grand canonical Gibbs measure corresponding to </>, (3 and z. ■ 

Remark 6.2. A related result has been proved in [Geo95j . There the author derived 
an approximation of grand canonical Gibbs measures by finite volume micro canonical 
Gibbs measures with periodic boundary condition. It seems to be quite feasible to adapt 
the proof to the canonical case. However, since that proof heavily relays on the choice 
of a periodic boundary condition, it still would not cover our case (empty boundary 
condition). 

Corollary 6.3. Assume that the conditions in Theorem ro hold and that we are in 
the low density, high temperature regime. Let p = limAr^oo P^^'’ o,nd suppose that (T“™, 
2 )(£;min)) _ ^ Then the sequence (P^^')7 vgn converges in law to a Markov 

process P with initial distribution p and semi-group {Tf^{t))t>o. Furthermore, P solves 
the martingale problem for {—H^,3FC^{V,T)) with initial distribution p. 

Proof: This is an immediate consequence of Theorem 15.231 together with Theorem 
IQ and Theorem 15.101 ■ 
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